Mathematics for Machine Learning and Data Science
Foundations of Mathematical Notation and Concepts
· Set Theory Basics
· Sets and Elements
· Definition of a Set
· Notation for Sets
· Membership and Non-membership
· Empty Set and Universal Set
· Subsets, Supersets, and the Power Set
· Subset and Proper Subset
· Superset and Proper Superset
· Power Set Definition
· Cardinality of Power Set
· Set Operations
· Union
· Intersection
· Complement
· Difference
· Symmetric Difference
· Cartesian Product
· Venn Diagrams
· Properties of Set Operations
· Commutative Laws
· Associative Laws
· Distributive Laws
· De Morgan's Laws
· Essential Mathematical Notation
· Summation Notation
· Basic Sigma Notation
· Indexing and Limits
· Properties of Summation
· Double Summation
· Product Notation
· Basic Pi Notation
· Indexing and Limits
· Properties of Product Notation
· Basic Logical Operators
· Conjunction (AND)
· Disjunction (OR)
· Negation (NOT)
· Implication
· Biconditional (Equivalence)
· Quantifiers
· Universal Quantifier
· Existential Quantifier
· Nested Quantifiers
· Floor and Ceiling Functions
· Absolute Value and Sign Function
· Functions and Relations
· Definition of Functions
· Domain and Range
· One-to-One and Onto Functions
· Inverse Functions
· Composition of Functions
· Relations and Equivalence Relations
· Review of Single-Variable Calculus
· Limits and Continuity
· Definition of a Limit
· One-Sided Limits
· Limits at Infinity
· Continuity at a Point
· Properties of Continuous Functions
· Intermediate Value Theorem
· Derivatives and Rules of Differentiation
· Definition of the Derivative
· Power Rule
· Product Rule
· Quotient Rule
· Chain Rule
· Implicit Differentiation
· Higher-Order Derivatives
· Applications of Derivatives
· Integrals and the Fundamental Theorem of Calculus
· Indefinite Integrals
· Definite Integrals
· Properties of Integrals
· Fundamental Theorem of Calculus
· Integration by Substitution
· Integration by Parts
· Applications of Integration
· Series and Sequences
· Arithmetic and Geometric Sequences
· Convergence and Divergence
· Taylor Series
· Maclaurin Series
Linear Algebra: The Language of Data
· Vectors
· Definition of Vectors
· Geometric Interpretation
· Algebraic Interpretation
· Column and Row Vector Notation
· Vector Operations
· Vector Addition
· Vector Subtraction
· Scalar Multiplication
· Properties of Vector Operations
· Dot Product
· Definition and Calculation
· Geometric Interpretation
· Angle Between Vectors
· Orthogonality
· Cross Product
· Definition and Calculation
· Geometric Interpretation
· Properties of Cross Product
· Vector Norms
· L1 Norm
· L2 Norm
· L-infinity Norm
· General Lp Norms
· Properties of Norms
· Unit Vectors and Normalization
· Vector Projections
· Scalar Projection
· Vector Projection
· Orthogonal Projections
· Gram-Schmidt Process
· Matrices
· Definition of Matrices
· Matrix Notation
· Matrix Dimensions
· Matrix Elements
· Matrix Operations
· Matrix Addition and Subtraction
· Scalar Multiplication
· Matrix Multiplication
· Matrix-Vector Multiplication
· Properties of Matrix Operations
· Special Types of Matrices
· Zero Matrix
· Identity Matrix
· Diagonal Matrix
· Upper and Lower Triangular Matrices
· Symmetric Matrix
· Antisymmetric Matrix
· Orthogonal Matrix
· Unitary Matrix
· Sparse Matrix
· Positive Definite Matrix
· Matrix Transpose
· Definition and Properties
· Transpose of Products
· Matrix Inverse
· Definition of Invertible Matrix
· Properties of Matrix Inverse
· Methods for Computing Inverse
· Pseudoinverse
· Matrix Determinant
· Definition for 2x2 and 3x3 Matrices
· General Definition
· Properties of Determinants
· Geometric Interpretation
· Matrix Trace
· Definition and Properties
· Systems of Linear Equations
· Matrix Representation of Linear Systems
· Augmented Matrix
· Gaussian Elimination
· Elementary Row Operations
· Row Echelon Form
· Reduced Row Echelon Form
· Solutions to Linear Systems
· Unique Solution
· No Solution
· Infinitely Many Solutions
· Homogeneous Systems
· Matrix Rank and Nullity
· Vector Spaces
· Definition of Vector Space
· Vector Space Axioms
· Examples of Vector Spaces
· Subspaces
· Definition and Properties
· Subspace Test
· Examples of Subspaces
· Linear Combinations
· Span of Vectors
· Linear Independence and Dependence
· Definition and Tests
· Linear Independence Test
· Basis and Dimension
· Definition of Basis
· Standard Basis
· Change of Basis
· Dimension of Vector Space
· Four Fundamental Subspaces
· Column Space
· Row Space
· Null Space
· Left Null Space
· Rank-Nullity Theorem
· Linear Transformations
· Definition of Linear Transformation
· Matrix Representation of Linear Transformations
· Kernel and Image
· Composition of Linear Transformations
· Invertible Linear Transformations
· Eigenvalues and Eigenvectors
· Definition and Geometric Interpretation
· Characteristic Polynomial
· Characteristic Equation
· Computing Eigenvalues and Eigenvectors
· Properties of Eigenvalues and Eigenvectors
· Algebraic and Geometric Multiplicity
· Eigenspaces
· Diagonalization
· Conditions for Diagonalizability
· Diagonalization Process
· Similar Matrices
· Matrix Decompositions
· LU Decomposition
· Definition and Algorithm
· Partial Pivoting
· QR Decomposition
· Gram-Schmidt Process
· Householder Reflections
· Singular Value Decomposition
· Definition and Components
· Geometric Interpretation
· Computing SVD
· Applications in Data Science
· Low-Rank Approximation
· Eigendecomposition
· Spectral Theorem
· Cholesky Decomposition
· Definition and Requirements
· Algorithm
· Schur Decomposition
· Tensors
· Definition and Notation
· Tensor Order and Rank
· Tensor Operations
· Addition and Scalar Multiplication
· Tensor Product
· Tensor Contraction
· Tensor Reshaping
· Tensor Decompositions
· CP Decomposition
· Tucker Decomposition
Multivariable Calculus: The Tools for Optimization
· Functions of Multiple Variables
· Definition and Notation
· Domain and Range in Higher Dimensions
· Level Sets and Contour Lines
· Visualizing Multivariable Functions
· Contour Plots
· Surface Plots
· Heat Maps
· Limits and Continuity
· Definition of Limit in Higher Dimensions
· Continuity Criteria
· Properties of Continuous Functions
· Partial Derivatives
· Definition and Geometric Interpretation
· Notation for Partial Derivatives
· Computing Partial Derivatives
· Higher-Order Partial Derivatives
· Mixed Partial Derivatives
· Clairaut's Theorem
· Partial Derivative Rules
· The Gradient
· Definition and Notation
· Geometric Interpretation
· Properties of the Gradient
· Gradient as Normal Vector
· Level Sets and Gradients
· Directional Derivatives
· Definition and Calculation
· Relationship to the Gradient
· Maximum Rate of Change
· The Chain Rule for Multivariable Functions
· Chain Rule for Composite Functions
· Matrix Form of the Chain Rule
· Applications to Implicit Differentiation
· The Jacobian Matrix
· Definition for Vector-Valued Functions
· Computing the Jacobian
· Jacobian Determinant
· Change of Variables
· Applications in Transformations
· The Hessian Matrix
· Definition and Computation
· Interpretation as Curvature
· Symmetry of the Hessian
· Role in Optimization
· Positive and Negative Definiteness
· Taylor Series for Multivariable Functions
· First-Order Taylor Approximation
· Second-Order Taylor Approximation
· Multivariate Taylor Theorem
· Applications in Optimization
· Optimization of Multivariable Functions
· Critical Points
· Definition and Finding Critical Points
· Types of Critical Points
· Local Extrema
· Local Maxima and Minima
· Saddle Points
· Second Derivative Test
· Using the Hessian Matrix
· Classification of Critical Points
· Global Extrema
· Extreme Value Theorem
· Finding Global Extrema
· Convexity and Concavity
· Convex Sets
· Convex Functions
· Properties of Convex Functions
· Implications for Optimization
· Constrained Optimization
· Equality Constraints
· Lagrange Multipliers
· Inequality Constraints
· Karush-Kuhn-Tucker Conditions
· Multiple Integrals
· Double Integrals
· Definition and Computation
· Iterated Integrals
· Change of Order of Integration
· Triple Integrals
· Change of Variables in Multiple Integrals
· Applications to Probability
Probability Theory: Modeling Uncertainty
· Fundamentals of Probability
· Sample Spaces and Events
· Sample Space Definition
· Events and Event Space
· Simple and Compound Events
· Set Operations on Events
· Union of Events
· Intersection of Events
· Complement of Events
· Mutually Exclusive Events
· Axioms of Probability
· Non-negativity Axiom
· Normalization Axiom
· Additivity Axiom
· Properties of Probability
· Probability of Complement
· Addition Rule
· Inclusion-Exclusion Principle
· Counting Techniques
· Multiplication Principle
· Permutations
· Combinations
· Arrangements with Repetition
· Conditional Probability and Independence
· Conditional Probability
· Definition and Interpretation
· Computing Conditional Probabilities
· Multiplication Rule
· Law of Total Probability
· Bayes' Theorem
· Statement and Proof
· Applications and Examples
· Bayesian Updating
· Statistical Independence
· Definition for Two Events
· Independence of Multiple Events
· Pairwise vs Mutual Independence
· Properties of Independent Events
· Random Variables
· Definition of Random Variables
· Types of Random Variables
· Discrete Random Variables
· Continuous Random Variables
· Mixed Random Variables
· Probability Mass Functions
· Definition and Properties
· Examples and Applications
· Probability Density Functions
· Definition and Properties
· Relationship to Probability
· Cumulative Distribution Functions
· Definition for Discrete Variables
· Definition for Continuous Variables
· Properties of CDFs
· Relationship between PDF and CDF
· Quantile Functions
· Definition and Properties
· Percentiles and Quartiles
· Expectation and Moments
· Expected Value
· Definition for Discrete Variables
· Definition for Continuous Variables
· Properties of Expectation
· Linearity of Expectation
· Functions of Random Variables
· Expected Value of Functions
· Law of the Unconscious Statistician
· Variance and Standard Deviation
· Definition and Computation
· Properties of Variance
· Computational Formulas
· Moments of Random Variables
· Raw Moments
· Central Moments
· Moment Generating Functions
· Characteristic Functions
· Skewness and Kurtosis
· Measures of Asymmetry
· Measures of Tail Behavior
· Common Probability Distributions
· Discrete Distributions
· Bernoulli Distribution
· Definition and Parameters
· Mean and Variance
· Binomial Distribution
· Definition and Parameters
· Mean and Variance
· Geometric Distribution
· Definition and Parameters
· Memoryless Property
· Negative Binomial Distribution
· Poisson Distribution
· Definition and Parameters
· Poisson Process
· Hypergeometric Distribution
· Discrete Uniform Distribution
· Continuous Distributions
· Uniform Distribution
· Definition and Parameters
· Mean and Variance
· Normal Distribution
· Definition and Parameters
· Standard Normal Distribution
· Properties and Applications
· Central Limit Theorem Connection
· Exponential Distribution
· Definition and Parameters
· Memoryless Property
· Relationship to Poisson Process
· Gamma Distribution
· Definition and Parameters
· Special Cases
· Beta Distribution
· Definition and Parameters
· Applications in Bayesian Statistics
· Chi-Square Distribution
· Student's t-Distribution
· F-Distribution
· Log-Normal Distribution
· Multiple Random Variables
· Joint Probability Distributions
· Joint PMF for Discrete Variables
· Joint PDF for Continuous Variables
· Joint CDF
· Marginal Distributions
· Computing Marginal PMF
· Computing Marginal PDF
· Relationship to Joint Distributions
· Conditional Distributions
· Conditional PMF
· Conditional PDF
· Properties of Conditional Distributions
· Independence of Random Variables
· Definition and Criteria
· Independence vs Uncorrelatedness
· Properties of Independent Variables
· Covariance and Correlation
· Covariance Definition
· Properties of Covariance
· Correlation Coefficient
· Properties of Correlation
· Interpretation of Correlation
· Bivariate Normal Distribution
· Definition and Properties
· Marginal and Conditional Distributions
· Correlation Parameter
· Limit Theorems
· Law of Large Numbers
· Weak Law of Large Numbers
· Strong Law of Large Numbers
· Applications and Interpretation
· Central Limit Theorem
· Statement for IID Variables
· Conditions and Assumptions
· Applications and Examples
· Approximation Quality
· Convergence of Random Variables
· Convergence in Probability
· Almost Sure Convergence
· Convergence in Distribution
· Convergence in Mean Square
Statistics: From Data to Insights
· Descriptive Statistics
· Measures of Central Tendency
· Arithmetic Mean
· Median
· Mode
· Geometric Mean
· Harmonic Mean
· Trimmed Mean
· Measures of Dispersion
· Range
· Variance
· Standard Deviation
· Interquartile Range
· Mean Absolute Deviation
· Coefficient of Variation
· Measures of Shape
· Skewness
· Kurtosis
· Box Plots and Outlier Detection
· Quantiles and Percentiles
· Definition and Computation
· Five-Number Summary
· Quartiles and Deciles
· Data Visualization
· Histograms
· Box Plots
· Scatter Plots
· Bar Charts
· Pie Charts
· Stem-and-Leaf Plots
· Q-Q Plots
· Sampling and Sampling Distributions
· Population vs Sample
· Sampling Methods
· Simple Random Sampling
· Stratified Sampling
· Cluster Sampling
· Systematic Sampling
· Sampling Distribution of the Mean
· Properties and Characteristics
· Standard Error
· Sampling Distribution of Proportions
· Bootstrap Methods
· Bootstrap Sampling
· Bootstrap Confidence Intervals
· Point Estimation
· Estimators and Estimates
· Definition and Notation
· Sample Statistics as Estimators
· Properties of Estimators
· Bias and Unbiasedness
· Variance and Efficiency
· Mean Squared Error
· Consistency
· Sufficiency
· Method of Moments
· Principle and Application
· Maximum Likelihood Estimation
· Likelihood Function
· Log-Likelihood Function
· MLE Properties
· Computing MLEs
· Asymptotic Properties
· Bayesian Estimation
· Prior and Posterior Distributions
· Maximum A Posteriori Estimation
· Credible Intervals
· Interval Estimation
· Confidence Intervals
· Definition and Interpretation
· Confidence Level vs Confidence Coefficient
· Construction Methods
· Confidence Intervals for Means
· Known Variance Case
· Unknown Variance Case
· Small Sample Sizes
· Confidence Intervals for Proportions
· Large Sample Approximation
· Exact Methods
· Confidence Intervals for Variance
· Bootstrap Confidence Intervals
· Hypothesis Testing
· Fundamentals of Hypothesis Testing
· Null and Alternative Hypotheses
· Test Statistics
· Critical Regions
· Decision Rules
· Types of Errors
· Type I Error
· Type II Error
· Power of a Test
· Relationship Between Errors
· Significance Level and p-values
· Definition of Significance Level
· p-value Interpretation
· Relationship Between p-values and Significance
· One-Sample Tests
· z-test for Mean
· t-test for Mean
· Test for Proportion
· Chi-square Test for Variance
· Two-Sample Tests
· Two-Sample z-test
· Two-Sample t-test
· Paired t-test
· Two-Sample Test for Proportions
· F-test for Equality of Variances
· Goodness-of-Fit Tests
· Chi-square Goodness-of-Fit Test
· Kolmogorov-Smirnov Test
· Tests of Independence
· Chi-square Test of Independence
· Fisher's Exact Test
· Multiple Testing
· Multiple Comparisons Problem
· Bonferroni Correction
· False Discovery Rate
· Regression Analysis
· Simple Linear Regression
· Model Assumptions
· Least Squares Estimation
· Properties of Estimators
· Inference for Regression Parameters
· Multiple Linear Regression
· Model Specification
· Matrix Formulation
· Estimation and Inference
· Model Diagnostics
· Logistic Regression
· Logit Model
· Maximum Likelihood Estimation
· Interpretation of Coefficients
· Analysis of Variance
· One-Way ANOVA
· Model and Assumptions
· F-test for Equality of Means
· Post-hoc Comparisons
· Two-Way ANOVA
· Main Effects and Interactions
· Model Specification
· Nonparametric Statistics
· Sign Test
· Wilcoxon Signed-Rank Test
· Mann-Whitney U Test
· Kruskal-Wallis Test
· Spearman Rank Correlation
· Bayesian vs Frequentist Approaches
· Philosophical Differences
· Interpretation of Probability
· Parameter Estimation Approaches
· Hypothesis Testing Approaches
· Practical Considerations
Optimization Techniques for Machine Learning
· Fundamentals of Optimization
· Optimization Problem Formulation
· Objective Functions
· Decision Variables
· Constraints
· Types of Optimization Problems
· Unconstrained Optimization
· Constrained Optimization
· Linear Programming
· Nonlinear Programming
· Integer Programming
· Convex Optimization
· Convex Sets
· Convex Functions
· Properties of Convex Problems
· Global vs Local Optima
· Loss Functions in Machine Learning
· Mean Squared Error
· Mean Absolute Error
· Cross-Entropy Loss
· Hinge Loss
· Huber Loss
· Unconstrained Optimization
· Optimality Conditions
· First-Order Necessary Conditions
· Second-Order Necessary Conditions
· Second-Order Sufficient Conditions
· Line Search Methods
· Exact Line Search
· Inexact Line Search
· Armijo Rule
· Wolfe Conditions
· Gradient Descent
· Algorithm Description
· Convergence Analysis
· Step Size Selection
· Batch Gradient Descent
· Stochastic Gradient Descent
· Mini-Batch Gradient Descent
· Newton's Method
· Algorithm Description
· Convergence Properties
· Computational Considerations
· Quasi-Newton Methods
· BFGS Algorithm
· L-BFGS Algorithm
· DFP Algorithm
· Conjugate Gradient Methods
· Linear Conjugate Gradient
· Nonlinear Conjugate Gradient
· Fletcher-Reeves Method
· Polak-Ribière Method
· Advanced Gradient-Based Methods
· Momentum Methods
· Classical Momentum
· Nesterov Accelerated Gradient
· Heavy Ball Method
· Adaptive Learning Rate Methods
· AdaGrad
· Algorithm Description
· Adaptive Learning Rates
· Convergence Properties
· RMSprop
· Exponential Moving Average
· Addressing AdaGrad Limitations
· Adam
· Adaptive Moment Estimation
· Bias Correction
· Variants of Adam
· AdaDelta
· Nadam
· Learning Rate Scheduling
· Step Decay
· Exponential Decay
· Polynomial Decay
· Cosine Annealing
· Warm Restarts
· Gradient Clipping
· Gradient Norm Clipping
· Gradient Value Clipping
· Applications to RNNs
· Constrained Optimization
· Equality Constrained Optimization
· Lagrange Multipliers
· Lagrangian Function
· First-Order Optimality Conditions
· Second-Order Conditions
· Inequality Constrained Optimization
· Karush-Kuhn-Tucker Conditions
· Complementary Slackness
· Constraint Qualification
· Penalty Methods
· Quadratic Penalty Method
· Exact Penalty Methods
· Augmented Lagrangian Method
· Barrier Methods
· Interior Point Methods
· Logarithmic Barrier Function
· Central Path
· Sequential Quadratic Programming
· Active Set Methods
· Specialized Optimization for Machine Learning
· Coordinate Descent
· Algorithm Description
· Block Coordinate Descent
· Applications to Lasso and Ridge Regression
· Proximal Methods
· Proximal Operators
· Proximal Gradient Method
· Accelerated Proximal Methods
· Applications to Sparse Optimization
· Subgradient Methods
· Subgradients and Subdifferentials
· Subgradient Descent
· Convergence Analysis
· Mirror Descent
· Bregman Divergence
· Mirror Maps
· Applications to Online Learning
· Frank-Wolfe Algorithm
· Conditional Gradient Method
· Sparse Solutions
· Applications to Structured Sparsity
· Stochastic Optimization
· Stochastic Gradient Descent
· Algorithm Variants
· Convergence Analysis
· Learning Rate Schedules
· Variance Reduction Methods
· SVRG (Stochastic Variance Reduced Gradient)
· SAG (Stochastic Average Gradient)
· SAGA
· Online Optimization
· Online Gradient Descent
· Regret Analysis
· Follow-the-Regularized-Leader
· Evolutionary Algorithms
· Genetic Algorithms
· Particle Swarm Optimization
· Differential Evolution
· Optimization in Deep Learning
· Challenges in Deep Learning Optimization
· Non-Convexity
· High Dimensionality
· Saddle Points
· Vanishing and Exploding Gradients
· Batch Normalization
· Internal Covariate Shift
· Algorithm Description
· Effects on Optimization
· Dropout as Regularization
· Weight Initialization Strategies
· Xavier Initialization
· He Initialization
· Effects on Convergence
· Second-Order Methods for Deep Learning
· Natural Gradients
· K-FAC (Kronecker-Factored Approximate Curvature)
· Shampoo Algorithm
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